The liquid crystal polarization grating (LCPG) 
Introduction
A number of liquid crystal (LC) light modulators operating on unpolarized light have been proposed in an effort to overcome the substantial losses in conventional LC displays that require polarized light. Most prominently, Bos and coworkers suggested several potentially efficient and polarization-independent diffraction gratings using liquid crystals [1] [2] [3] [4] . These approaches, however, face crucial limitations for real applications due to their binary nature: fabrication difficulty and the easy appearance of defects. They therefore tend to have inherently large periods that result in many diffraction orders with small diffraction angles.
A newly demonstrated liquid crystal polarization grating (LCPG) [5] is a switchable diffractive optical element with a continuously varying, periodic, anisotropic index profile. As shown in Fig. 1(a) , this can be embodied as a nematic director that follows [6] :
n(x) =ˆ x cos(πx /Λ) +ˆ y sin(πx / Λ) +ˆ z (0) (1) where Λ is half of the period of the nematic director. It has been shown [5] in experiment and in theory that the diffraction from this LCPG can be summarized by: 
where η m is the diffraction efficiency of the m th -order, ∆n is the LC birefringence, d is the cell gap, λ is the free-space wavelength, and S′ 3 = S 3 /S 0 is the normalized Stokes parameter corresponding to ellipticity of the incident light [7] . The compelling experimentally confirmed advantage [5, 8] of this LCPG over other LC modulators is that unpolarized light can be modulated with high contrast at low-to-modest drive voltages.
While analytic expressions derived for the diffraction of this PG are useful, they have not yet been confirmed with numerical simulation. It is also not clear how many grating periods within a single pixel are required to get high diffraction efficiency. Furthermore, we seek to better understand the static and dynamic thresholds required for good alignment of the nematic director.
First, we examine the optical performance of LCPGs in comparison to Eq. (2) and to previously reported LC gratings. To do this, we implemented a 2D Finite-Difference Time-Domain (FDTD) method [9] [10] [11] for periodic anisotropic structures.
Second, we examine the alignment and voltage response properties of the LCPG using Elastic Continuum theory [12] , deriving analytic expressions for the critical thickness, voltage threshold, and switching times. We go beyond the one constant approximation [13] previously used, and present the analytic expressions for the more general two-constant case (K 3 =K 1 ≠K 2 ).
Finite-Difference Time-Domain Simulations
The FDTD method derives its name from the direct solution of Maxwell's curl equations:
For the well-aligned LCPG with the texture dictated by Eq. (1), the optical dielectric tensor ˜ ε corresponding to the LC director profile is periodic along x and varies with respect to (x, y):
where ε ⊥ and ε // are the ordinary (perpendicular) and extraordinary 
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(parallel) relative dielectric constants, Δε = (ε // -ε ⊥ ) is the dielectric anisotropy, and φ = πx/Λ. While it is desirable to reduce the computation space to a unit cell by applying periodic boundary conditions, this involves considerable complexity to handle waves propagating at oblique directions. This difficulty can be circumvented using a new set of field variables [10] : P=Eexp(jk x x) and Q=120πHexp(jk x x). Eq. (3) now becomes:
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We solve these modified Maxwell's equations by the split-field update method [10] . The two boundaries along ˆ z must be appropriately terminated to avoid non-physical reflections, so we construct absorbing boundaries using the Uniaxial Perfectly Matched Layers (UPML) technique [11] . For our simulations, the maximum grid spacing was 1/40 th of the center wavelength and the Courant stability factor was 1/3. We used a Gaussian pulse for evaluating the spectral characteristics.
FDTD Diffraction Characteristics
The most unique feature of the LCPG is its 100% diffraction (a Bragg property), even though it falls into the Raman-Nath grating regime. Fig. 2 
Minimum LCPG Pixel Size Study
We also seek to estimate the minimum pixel size that can be used with the LCPG modulator. To answer this, we model a pixel aperture (width L) with PML layers (Fig. 3(a) ) and compare the far-field intensities with and without the LCPG structure. Our intent is to isolate identify the maximum diffraction efficiency of a single pixel, and the minimum pixel size may be determined by as the smallest L that supports strong diffraction. Fig. 3 shows the field map of the FDTD simulation and the diffraction efficiency (a sum of η ±1 ) vs. pixel size. The diffraction efficiency asymptotically approaches a nearly ideal value (99.5%) when L/Λ ≥ 4. Since we expect that future experimental minimum periods are ~5 μm [5] , it appears likely that the minimum pixel size will be ~20μm. In applications where a slight decrease in efficiency is tolerable, the pixel size could be as small as L/Λ = 2.
Comparison of LCPG with other gratings
The most comparable previous LC gratings, the Reverse Twist Grating (RTG) [1] and Hybrid LC Grating (HG) [2] , are illustrated in Fig. 4 (a) and (b). Adjacent LC domains of the RTG have the opposite twist sense (a high pre-tilt angle is safely ignored for the optical simulation). The HG employs hybrid surface orientations -planar and homeotropic texture, with adjacent cells having orthogonal alignment. We assume that the tilt angle for the HG cell varies linearly along the thickness of the cell [2] . Note that the discrete nature of the LC configuration in all binary LC gratings leads to strong disclinations within each grating period that reduce the maximum efficiency [3] and contrast ratio.
The FDTD predictions of diffraction efficiencies reveal that all three gratings under consideration could yield 100%-diffraction Fig. 3(c) . For the RTG, the maximum diffraction occurs when ∆nd/λ values satisfy the Gooch and Tarry minima conditions. The HG and LCPG structures produce maximum diffraction when grating parameters satisfy the conditions for λ/2 retardation since both diffract based on retardation. Note that the HG thickness for λ/2 retardation is doubled since the average birefringence of the HG cell is ∆n/2. However, the LCPG has only three orders of diffraction (the 0 th -and ±1 st -orders), while the other gratings always have a large number of diffraction orders.
Elastic continuum analysis of LCPG
In order to achieve the compelling optical features predicted by the FDTD analysis above, it is essential that the LC nematic director configuration follow Eq. (1). As shown in an earlier work [13] , this in-plane texture will only be possible when the thickness of the LC layer (d) is below a critical thickness (d C ) or when the applied voltage (V) is less than a voltage threshold (V th ). After fabricating well-aligned LCPG samples, we noticed that the previously reported expression for critical thickness was far too optimistic (too large), primarily because it assumed by a oneconstant approximation. Furthermore, there has not been any theoretical analysis of the switching times. Here we aim to determine more general analytic expressions for these parameters.
For nematic LCs, the uniaxial nature of the molecules can be described by means of the nematic director (n). It can be completely described by two angles (Fig. 1(d) ):
n(x,z) =ˆ x cosθ cosφ +ˆ y cosθ sinφ +ˆ z sinθ (6) Here θ(x, z) and φ(x, z) are the tilt and azimuth angles of the nematic director, respectively. Here, we assume the following:
i. At the substrate surfaces strong anchoring conditions exist which ensure that θ = 0 and φ = πx/Λ always at z = ±d/2. ii. θ and φ are independent of each other. More specifically, θ(z) and φ(x) (illustrated in Fig. 1 ). While this may not ultimately be true for all electric field values, we anticipate it is valid for low fields. iii. When V > V th , we assume that the tilt angle profile is symmetric about the center of the sample, θ(z) =θ(−z) [12] . iv. The maximum tilt angle (θ max ) at any equilibrium state occurs at the center of the sample, θ (z=0) = θ max and ∂θ /∂z | z= 0 = 0 . v. The bend and splay elastic constants are identical (K = K 3 = K 1 ) while the twist elastic constant (K 2 ) is distinct. This twoconstant approximation is a slightly general formulation of the more common one-constant approximation (OCA).
The Frank-Oseen elastic energy density [12] including the splay, twist, and bend deformations,
can be simplified with the above assumptions and Eq. (6) to
We do not explicitly show h(θ,φ) since it does not appear in the equilibrium equations. Since we seek solutions around the threshold (i.e. θ ≈ 0), cosθ ≈ 1 and sinθ ≈ 0. Under this condition, the coefficient of sin 2 φ in Eq. (9a) is small and is neglected.
Therefore, we assume f (θ) ~ cos
the threshold conditions. By minimizing the energy density using variational principles [12] , we get the equilibrium equations:
The first equation leads to a linear solution for the azimuth angle φ, which matches with our boundary conditions. Using the above static equations, we can identify critical thicknesses. By adding the electric field energy to Eq. (7) and using the same assumptions as before, we can estimate the voltage threshold. For evaluating the response times we have to resort to the dynamic equations. In each of these cases, we are solving for the polar angle θ.
Critical thickness
Using Eq. (11) and substituting Ω = sin -1 (sin(θ)/sin(θ max )), the following relation between d and θ max can be obtained.
Using the simplified expression for f(θ), we simplify the integrand in Eq. (12) and then substitute θ max = 0 to get the following value for the critical thickness.
Substituting K 2 =K in the above expression gives d C = Λ, which matches with the previous result [13] , that was derived using dynamic arguments. The normalized critical thickness is shown in Fig. 5(a) , highlighting its tendency to monotonically increase as the elastic constants become more similar. This helps to explain why in our experiments we find that the critical thickness is dramatically lower than d C = Λ. This result is additionally important since it predicts that the smallest grating periods are formed with nematic LCs with larger K 2 /K ratios. 
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Voltage Threshold
To analyze the influence of applied voltage on the LC orientation, the electric energy term has to be added to the elastic energy expression in Eq. (7) . Then the minimization condition on the total energy yields a relation that which can be solved [12] for V th once again by substituting θ max = 0. The resultant expression for threshold voltage is given by
In the above expression d C is the critical thickness given by Eq. (13), and it is assumed d < d C . By considering the OCA case, we find the result previously derived [13] [14] . The expression derived here is more general and offers greater insight into the relative effect of the elastic constants. The normalized voltage threshold is shown in Fig. 5(b) , where it is clear that the threshold decreases to zero as the actual cell thickness d approaches the critical thickness. The curves also suggest that a lower voltage threshold can be achieved by smaller K 2 /K ratios.
Dynamic Response
To study the dynamic response, we make use of the EricksenLeslie dynamic equations [12] . Physically, these represent the three conservation laws (mass, linear momentum and angular momentum). Using the "no-slip" condition, the small angle approximation cosθ ≈ 1 and sinθ ≈ θ, and the previous assumptions, we arrive at the torque balance equation:
In the above expression E = V/d is the electric field applied and γ 1 is the rotational viscosity. The above equation is solved by
By neglecting higher order terms in the above expression, the rise and fall time-constants when V > V th are given by
Note that these exponential rise and fall time constants are related to the 10% to 90% rise (t ON ) and fall (t OFF ) times through t ON~l n(9)τ ON and t OFF~l n(9)τ OFF . The ratio of the exponential time constants is shown in Fig. 6(a) , and shows the common decrease as the voltage increases. As an initial comparison to experimental data, we plot the predicted switching times for the sample discussed in Ref. [5] , using the nematic MLC-6080 (Merck, ∆n=0.2, K=16.8pN, K 2 =7.1pN, ∆ε=7.2, γ 1 =157mPa-s). While the order of magnitude is similar, we note a major discrepancy between the predicted and experimental switching times (the latter is smaller by factor of ~5), which suggests that this two-constant analysis does not capture some of the important dynamic aspects.
Conclusion
We analyzed the optical and electrical properties of the LCPG using the FDTD method and the elastic continuum theory. FDTD simulation results show good agreement with analytical expressions for diffractive properties of the periodically aligned LC structure. Furthermore, we anticipate that only a few grating periods are required at a minimum within a pixel to get high diffraction efficiency. The electro-optical performance of the LCPG is based on important parameters like the critical thickness, threshold voltage and the switching times. In this work, we have derived analytical expressions for these parameters under more general assumptions than previously reported.
